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ABSTRACT

Ths paper is devided into two parts.

In part I the prodblem of radiation from a generic body with
variable thermal ocoefficients is oconsidered and a general equa
tion of Volterra's type is derived. Explicit expression is also
given for the sphericel shell, whence, as partiocular case, (i)
the solid sphere, (ii) the flat plate, (i1i) the indefinite
body, can be studied. Also a pratical solution for aumerical
application is deviced.

In part II the theory is applied to partioular laws of vari
ation of thermal coeffiocients, and the effeots of such
coefficients is investigated.

o At it i
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INTRODUCTION

The analysis of ;adiativo heat conductien problems has re-
ceived consideradble attention in receat years, by reason eof the
many techmniocal problems referring to it. However, none of the s9
lutions availadle in the literature seems to be complete, since,
in general, the simplified case of constant thermal coefficieats
(oonductivity and specifioc heat) is considered. It is well knew,
en the contrary, that radiation is efficient enly at very -hight
temperatures, where the effects of variadble ocoefficients cannet
be ignored. AN

This paper deals with the applicatien te radiatioen prodlenmsef
the particular methed of apalysis descrided im Ref, 1,

The method is based oa tﬁe use of Green's funotion threwgh
which it is pessidble te reduce any heat conduction prodlem te an
integral equatien of Volterra's type. In this latter the ealy i3
depeadent variadble is time, whereas space ceerdinates are elimi-
aated.

In Ref. 1, Greea's funotion is determined for a bdedy ef vhag
ever shape; its analytieal expressiea iss

) e‘P:(t'*)

v(PP;t-)) = };:‘n v (P) U, (R (1)

where U, and p, are the erthogonal eigemfunctions and the eigea-
values of the prodlemss

KiVU, +cplU =0 in the selid volume V
(2)
U,

3y =0 at the boundary W
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Eq., (1), as well kmewa provides the rsise im temperature at P,,
at time t due te a unit heat pulse sotimg at P, at time t.

It should be pointed eut that the prodlem described by (2) re
fers te the real dody ef the preblem, dus with oenstant thermal
coefficients; it is therefore, a linear problem amnd, st a certain
extent, an elementary ome. The introductien ef thermal ooeffi -
cients variable with temperature can be hewever be performed eox~

actly starting frem the functiens (2), as it will bde shewm in the
subsequeat numbers.




PROG. N. FOGLIO N.

-3 =

PART I

GENERAL THEORY

1 - General Equatienms.

The heat conductien equation for am isotrepic body is, as well
knowns I

: T
div [K(T) grad T]s T (3)

Setting (see also Ref, 2)

K(T) dT
K; dT

(4)

(wvhere K. 1s the conductivity at any referemce temperature, f.i.,
the initial one), Eq. (3) reduces to:

AN —E— ‘%I— , (3")
Setting againt
¢/K
o7y, - () = (1) (5)

the foregoing equation yieldss

K;VT's q= ¢ —?OI (6)
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wheres
qsc;q(T')— (1)

It is seen, tharefore, that the preblems is identicalwith that
of oonstant coefficients (c; aand K;), previded that the seurces
(7) ve introduced. The problem is, of ceurse, stillmem-limear, dut
every non~linearity has beea introduced inte the fiotitious
sources q .

In radiation probdblems, there are also the sources arising frenm
heat losses at the surfaces, It is assumed, as custonmarily, that
such lesses bde adequately expressed bys

Q(R,) = F(T,) = F(T) (8)

where Tv denotes the temperature of the generic point of surface
W. It is usually admitted that F,(T )s-£€TS ; but ne restriotiom
is placed here, also in view of the fact that ne aimplificatiea
would eeour im general, emce the temperature T’ is introduced.
The temperature T' at$ any point of the body is then: (Ref, 3)

T'(Rt) =_/th\ { /V(P, P.3t-1) (R, A) Y, '/V(P, Pm,t-A)F(T;,)dv.}Ig (9)

) w

where dV, is the element surroumding P, and W, the surface element

surreunding P, , T 1s the initial transformed temperature, assumed
to de.constant,

Eq. (9) is the general equatiom ef the predlem. It is,ef ceurse,
non-linear (its non-linearities arise from the form eof q amdF),
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It is, hevever, well suitadle for numeriocal integratiem, since it
is,am integral equation in an epea varisdle, such as time.

It is alse seen thas, once the funotiens desoriding the radi-
stien mechanism (F,) and the material behaviour (n and K(T)) are
givea, the solutiea is essentially depending en the body shape.

The follewing Arts. are essentially devoted to write Eq. (5)
for the mest ocemmon shapes, Fer ether shapes, see Ref, 2.

2 = The Spherioal Shell

Censider a spherical shell ef suter radius a and inner radiusaf
$ let s:a(1-p) be its thickmess.
The eigenfunotiens U fer the Csse of radial flew ares

Cn cos{w“:otan"l,;:} o
U“: nel, Z,......
\/21(:;5 a[l-:(i-p)] (10)
U = C. 1
° V4n'c-‘s a

and the eigenvalues p, ¢

Kn
Pn® @, \/ 'c;;' (10°)

(for the values of C,and w n 860 Appendix); x is themendimensiomal
ceerdinate represented in Pig. 1.
Prem Eqs. (1) - (10), ene has nows

{ 3

V(P,P.;t'A)s QNC{Q" 1’p’p2

+
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L e .,
' '3 {3 [1 -;(1-’)] [1-‘(1_’)] 1:,, C, m{w z+tan
C- w: (t-)) KVc-‘s'

end, seo, Eq. (9) is writteas
t \
T'(x,t) '/ dA {'[ [C:{i-x.(bﬁ)}t-r

o g Yzltp) £
rx(i-p) ™" n

["Mot] ""F(T ud) [c's

. o —-‘r(t A)
“( 'Pi*w ]} *

c\sii -x({- ll)l

-‘-2} { xotai "}

cu(w x +tan _:;e)c“( .\xs*hn' {- 5) -uyt- ))—;1-]

2

i

Bg. (12) can be further % made nendimefisiemal; Settingt

AS}L'_;

’ | ¢ ) £
F(Ty) = es'rif;(r_i 7,)

it s edtained:s

=0 ./d"[[{%( D02 Enlns) 0P e 2 o,

ra

“‘[?(°)*2Z v,,( »,0)¢ 2l F)] f(z,

CTs

[

T' Ti
C R

=z«

. Ky

LYY o

o

Z ¢ cos(v xq»taﬁ'-‘i)-
w'

(11)

(12)

b (13)

(14)
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where the fellowing further pesitiens have been mades

o(x) = ¢ [1-=(0-8)]
(15)

-x (1-8) )
&-(—P— Czn cos(wnx'rtaﬁ"—-)cos(w xdan‘ L P)

Yn(!..g.)s 1-1(1_‘;) wn

Eq. (14) 1s the required eme. The spacs variable x sppearimg ia
it is merely a parameters: more exaotly, Eq. (14) yields an infi-
aite set of integral equatiens in the wariadle, & each corresponding
to a value of x .

) - The Solid Sphere.

The equation for the selid sphere is formally identical te (14),
with f:0 In this case, the equation for the w, is

tan w, = w, (16)

1

and the ceefficieats C , C, are given in Appendix. The funotiens
Y s ¥n have now the expressiens:

¢o(x) = € [1-=]°
(17)

Yn(x.)- e C sin [w (- :.)] sm[ n(i-x,.)]

a
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4 - The Plat Plate.

Por the flat plate,f =1, and w, =nl. One has therefere (App.)

.qo(x) * C: =1
(18)

Yo(x) = C: cos nx cosnfWx = cosnTx cosnWx,

and Eq. (14) is writteas
[ 4 4 » -ntrt{o-u)
wet) [ o[ [ loefyomnts cante, ™Yoo 22
° b

- -(n t(o.
--((hzgn (cosn‘fx.)e( vt ")){('Cv 'Ti‘)J’ £ (19)

t
5 « The Semi-Indefinite Selid.

Eq. (19) helds also as s— o ., However, a re-arrafgement of the
equatien is necessary, since the characteristiocs lemgth s is aew
miseing. .

Vith the well-kmewa technique of Peurier's imtegral, Eq. (19)
yields:

¥ e e -£(&n) 3T
7(x0 '%[ d'\'o d¥ [[ dz,, cos(§t) co,(gx_)c‘ %{q(zt‘)%&:}z.-l‘

- z - .
-i:os(ix.)c‘(amf(zw T{)]*‘L’i (20)

Y
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vhen nev the aondimensiomal qupntities ares

‘ .
€GsT, «X , vhere X 1s the dimnsionsl absoisss eemputed

frem the surfaee. | (21)

x =

4 3 2
K
)

6 = The Case of Coastant Diffuskviw.

WVhen n =0, a great semplification eceurs, Pirstly, the term
in brackets Yanishesj seoondly, the imtegral equation needs oaly
be writtea a_f the surface, since the surface temperature is depeg
ding en the surfsoce temperature itself, Eq. (14) becemess

2 (0
'zw(’)““/ [C 2; o (1 B) ':w et ”)]‘( Telikp +T (22)

wvhich alse applies, ommly, fer the solid sphere amd fer
the slad. Por the semi-imdefinite solid, since,s

/ e'!t(t.") dp = —-[—E— (23)
o

2 O-P

Eq. () yleldss

2 Y f(T, 1)
'tw('e)"?‘--T/. -—(f’-'_r—-’,‘_‘—-d" (24)

WVhea T'=T, i. e., when also the effects of variable ocenductiy

Qo
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w10 =

ity are igmered, Eqs. (21) - (22) are substantially the same as

those of Ref,.}
Eqs. (21) = (22) lend themselves te & straight numerical inte-

gratien. As §—0 , an asymptetie selutien must be devioed (Ref,))

T - Approximate Selutien.

Coming back te Eq. (3*), it is seea that, letting:

dt' (C/K)t
the same equatien yields the cemstant ceefficients eneq
p AT’
K;VT = C‘Tbt_' (26)

to which, acoerdimg te the bedy shape, Eqs. (22) -~ (23) can be ap
plied,

The imtreductien of t' dees met Sake away, of oceurse, the aea-
linearity of the preblem, since the relatiemship detweea T' and
t' 1s not knewn (und is mnet evem unique, simoe 1§ depends e the
-p-oo-ooofﬁt-nto). Ia radiatien preblem, hewever, the highest va)

use of ;%%- are near the surfeocej this means that the main fuper-
tance ia that of the seurces q hear the wall. A geed apprexima-

tien is therefoere to assume)

dt‘;,',
at !-q(q”Tﬂ

(1)

L R SE 7 P LA - o ¥ & SRR
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In this way, the procedure ef the osloulatien is te determine
T, trom Eqs. (21) er (22), and se te determine 7 = T,(t') Them
Eqe. (25) provides t' = t'(t ), and Bq. (2) T -T'(tw‘l'{)
and se the prodlem is fully selved.
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PAR? oI .

ILLUSTRATIVE EXA!MPLES

The foregoing sheory has been applied te numeriocal ocases. Re
sults are celleoted in Figs, 2 - 3 - 4 - 5 =« 6,

Pige. 2 and 3 refer to the radiatien of semi-infinite selid
with thernal coefficient varying ascoerding te the lawi

m S
(L) () (.)

Pig. 2 gives the variatiea of mnoadimensienal wall temperature
ve. nondimensienal time for several values of m amd s , The
influenoce ef specifie heat is seen teo be greater, imn general, thaa
that of oenduotivity.

Pig. 3 provides <~ for the same ocase - the variatiea ef eup
faoe heat flew Yersus time.

Pigs. 4 and 5 refer to the selid sphere, with laws analegous te
(a). Pig. 4 (which is of the sgme type of Pig. 2) provides thevy
ristion of wall temperature vs., time and cemparisen is made with
the case of oenstant ceefficients. Fig. 5 gives, for twe valuesef
nondimensional times, the space-variatiea of Semperature ia the
spherej alse here cemparisen is made with the case of oconstant
oceefficients.

Fig. 6 refers te the case of the hellev eilimder (whese theery
has not been givea in this repers; see Ref. ). The heating eend}
tiens are;

R
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-13.

Q= h(T,-T,) in the imaer wall
Q=-¢6 T\; in the outer wall
with h and T, given im Pig. 6. The predlem simulates an element

of radiator ef a space powerplaat. The temperature in the het side
are givea by the plot of Fig.6
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APPTNOIX

1 - 7or a sorerica’ shell, o radius a ~ni tiickness $= a(i-P) ’
t:¢c el onvalues of +he »woble: ure obicinel as said in Ref. 4,

'rom the trasceniontsl eaquntion:

) (1-[3)10.),,
" (1) B},

tan w

here is r root w,=0, corresnoniing to the first term of
rhs. of Bq. (17). The constants C_ of Eq, (10) are obtoine!

through the norn~lity coniitions

fc,uf, dv = 1
v

which in this case :ields:

. -1 - -
4 stn{? [wndan' _w_ﬁ_]} _1_&..
- =4+ 2 n - ‘:’% 3 ; nz 1, 2, .....
1 w -
n n 1*( o )
2 3

c —_—
® 1fp¢P2

2 - or the solid sphere one has siiply to set P =0 ,and sos

tan W, = W

4 4
{ sin [2(w,vtar' o)) 1
Ch 2w, 1+ Wi
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3 - Por the flat plate, one hes sinply to set P =1 , nond so:

tan w, =0 wn=n1T
LI =0, 1,2
?—- n= s 16y e

n

4 - For the semi-indefinite solid, let Eq. (19) be written with
dimensional quantities X and t and let s approach infinity.Thus

K-
t Ayt (t-) ,
7(Xt)= lim / GM['/‘s dsX, z, ({—N—X cos-n—:(-x.)c res ( )] [q(‘(Ti):—‘f-]
0

9 -» 00

3 t a2 _Ki
E6 T s Ki ® N PR (t-A) ,
TR, .[ e [1’2%\ AR Hz,T) %

As well known, as s approaches infinity, one has to take
only such values of n , for which -"—:E is finite with the posi-
tions (21), and letting furthermore.

K nW K L
teTd s (whence di’__"eni —)

;:

Eq. (20) is obtained.
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GLOSTARY OF  SY BOLS

I'TPRO USTION AN PiRT I
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s
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"o lius of outer sphere
“pecific heat
" netion defining ralirtion 3q. (13) .
Generic eipenvalues
Heat source intensity
Jhell thickness
Dinensional tine
Transforme! tine "q. (27) .
Gr-en's function
Yonii.ensional co-ordinnte (Fig. 1)
Vo vwlization constants
" .nctions Jefining raiiation
Therrizl conductivity
Points in the body
Points nt the surface
Txternnl hent Tlow
Temprature
Transiorne} tempernture Tq. (4) .
“igrenfancetion
Rody volune
Body surfece
See "qs. (13)
2 “hiclness / radius
“missivity
Punetion lefining varintion of diffusivity

Tonii.ension~l tine
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X - Diffusivity
A - Time
M - Nondimensional time
Y - Outer normal to W
6 - Boltzmann's oonstant
4 Nondinrensional temperature
:{‘,’n}- See Pq. (15)
W, - See Lq. (10')
V - Laplace operator
SUBSCRIPTS
on - Order of eigenfunctions
! - Transformed times and teperature
+ - Initial values
W - Surface values
# - Ju ning variation
PART II
m,s - exponents of laws lefining variation of K and ¢ .

To - Total tenmperature

h - Coefficicnt of transnmission

[ S
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RADIATION FROM A s0LID SPHERE
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